Summary. This article is the final step of our attempts to formalize the negative solution of Hilbert's tenth problem.
Preliminaries
From now on i, j, n, n 1 , n 2 , m, k, l, u denote natural numbers, i 1 , i 2 , i 3 , i 4 , i 5 , i 6 denote elements of n, p, q denote n-element finite 0-sequences of N, and a, b, c, d, e, f denote integers.
Let n be a natural number. Let us note that idseq(n) is Z-valued. Let x be an n-element, natural-valued finite 0-sequence and p be a Z-valued polynomial of n,R F . One can check that eval(p, @ x) is integer. Now we state the proposition: (1) Let us consider a Z-valued polynomial p of n,R F , and n-element finite 0-sequences x, y of N. Suppose k = 0 and for every i such that i ∈ n holds k | x(i)−y(i). Then k | (eval(p, @ x) qua integer)−(eval(p, @ y) qua integer). Proof: Reconsider f 1 = R F as a field. Reconsider p 1 = p as a polynomial of n,f 1 . Reconsider x 2 = @ x, y 2 = @ y as a function from n into the carrier of f 1 . Set s 3 = SgmX(BagOrder n, Support p 1 ). Consider X being a finite sequence of elements of the carrier of f 1 such that len X = len s 3 and eval(p 1 , x 2 ) = X and for every element i of N such that 1 i len X holds X /i = p 1 · s 3/i · (eval(s 3/i , x 2 )). Consider Y being a finite sequence of elements of the carrier of f 1 such that len Y = len s 3 Let f be a Z-valued function. Let us note that −f is Z-valued. The scheme SCH1 deals with a binary predicate P and a finite-0-sequenceyielding finite 0-sequence f and states that (Sch. 1) {f (i)(j), where i, j are natural numbers : P[i, j]} is finite. Now we state the propositions: (2) If m n > 0, then 1 + m! · (idseq(n)) is a CR-sequence.
Proof: Set h = 1+m!·(idseq(n)). Define F(natural number) = m!·$ 1 +1.
For every i such that i ∈ dom h holds h(i) = F(i). h is positive yielding. For every natural numbers i, j such that i, j ∈ dom h and i < j holds h(i)
and h(j) are relatively prime. h is Chinese remainder. (3) Let us consider a prime number p, and a finite sequence f of elements of N. Suppose f is positive yielding and p | f . Then there exists i such that (i) i ∈ dom f , and
Proof: Define P[natural number] ≡ for every finite sequence f of elements of N such that len f = $ 1 and f is positive yielding and p | f there exists i such that i ∈ dom f and p | f (i).
Selected Operations on Polynomials
Let n be a set and p be a series of n, R F . The functor |p| yielding a series of n, R F is defined by (Def. 1) for every bag b of n, it(b) = |p(b)|. Now we state the proposition: (4) Let us consider a set n, and a series p of n, R F . Then Support p = Support |p|. Let n be an ordinal number and p be a polynomial of n,R F . Let us note that |p| is finite-Support.
Let n be a set, S be a non empty zero structure, and p be a finite-Support series of n, S. One can check that Support p is finite.
Let n be an ordinal number, L be an add-associative, right zeroed, right complementable, non empty additive loop structure, and p be a polynomial of n,L. The functor coeff(p) yielding an element of L is defined by the term (Def. 2) p · (SgmX(BagOrder n, Support p)). The functor degree(p) yielding a natural number is defined by (Def. 3) (i) there exists a bag s of n such that s ∈ Support p and it = degree(s) and for every bag s 1 of n such that
(ii) it = 0, otherwise. Now we state the propositions: (5) Let us consider an ordinal number n, and a bag b of n. (8) Let us consider an ordinal number n, and a polynomial p of n,R F . If |p| = 0 n (R F ), then p = 0 n (R F ). Let n be a set. One can verify that |0 n (R F )| reduces to 0 n (R F ). Now we state the propositions: (9) Let us consider an ordinal number n, and a polynomial p of n,R F . Then degree(p) = degree(|p|). The theorem is a consequence of (8) and (4). (10) Let us consider an ordinal number n, a bag b of n, and a real number r. Suppose r 1. Let us consider a function x from n into the carrier of
Consider y being a finite sequence of elements of f 1 such that len y = len s 2 and eval(b, x) = y and for every element i of N such that 1 i len y holds
is a real number and for every real number P such that
(11) Let us consider an ordinal number n, a polynomial p of n,R F , and a real number r. Suppose r 1. Let us consider a function x from n into the carrier of R F . Suppose for every object i such that
Proof: Reconsider f 1 = R F as a field. Reconsider p 1 = p, A 1 = |p| as a polynomial of n,f 1 . Reconsider x 2 = x as a function from n into the carrier of f 1 . Set S 1 = SgmX(BagOrder n, Support p 1 ). Reconsider H = A 1 · S 1 as a finite sequence of elements of the carrier of R F . coeff(|p|) = A 1 ·S 1 . Consider y being a finite sequence of elements of the carrier of f 1 such that len y = len S 1 and eval(p, x) = y and for every element i of N such that 1 i len y holds
Let n be an ordinal number and p be a Z-valued polynomial of n,R F . Let us note that |p| is natural-valued and there exists a polynomial of n,R F which is natural-valued.
Let O be an ordinal number and p be a natural-valued polynomial of O,R F . Let us observe that coeff(p) is natural.
Selected Subsets of Zero Based Finite Sequences of N as Diophantine Sets
The scheme SubsetDioph deals with a natural number n and a 4-ary predicate P and a set S and states that (Sch. 2) For every elements i 2 , i 3 , i 4 of n, {p, where p is an n-element finite 0-sequence of N : for every natural number i such that i ∈ S holds
} is a Diophantine subset of the n-xtuples of N and
Now we state the propositions:
is a Diophantine subset of the n-xtuples of N.
is a Diophantine subset of the n-xtuples of N. Define F 1 (natural number, natural number, natural number) = i·$ 1 +j. Define P 1 [natural number, natural number, natural object, natural number, natural number, natural num-
} is a Diophantine subset of the n-xtuples of N. Define F 5 (natural number, natural number, natural number) = 1·$ 1 +1. Define P 5 [natural number, natural number, natural object, natural number, natural number, natural number]
} is a Diophantine subset of the n-xtuples of N.
Define P 6 [natural number, natural number, natural object, natural number, natural number, natural number]
(13) Let us consider a Z-valued polynomial P of k,R F , an integer a, a permutation p 2 of n, and i 1 . Suppose k n. Then {p : for every k-element finite 0-sequence q of N such that q = p · p 2 k holds a · p(i 1 ) = eval(P, @ q)} is a Diophantine subset of the n-xtuples of N.
(14) Let us consider a Z-valued polynomial P of k + 1,R F , an integer a, n, i 1 , and i 2 . Suppose k + 1 n and k ∈ i 2 . Then {p : for every
Consider g being a function such that g is one-to-one and dom g = n \ k 1 and rng g = n \ R. Reconsider
(15) Let us consider a Z-valued polynomial P of k+1,R F , n, i 1 , and i 2 . Suppose k + 1 n and k ∈ i 1 . Then {p : for every (k + 1)-element finite 0-sequence
a Diophantine subset of the n-xtuples of N. Proof: Set P 2 = {p n, where p is an X-element finite 0-sequence of N :
Bounded Quantifier Theorem and its Variant
Let us consider a Z-valued polynomial p of 2 + n + k,R F , an n-element finite 0-sequence X of N, and an element x of N. Now we state the propositions: 
Consider p 3 being an element of N such that p 3 | z 1 and p 3 z 1 and p 3 is prime. Define P(object) = Y ($ 1 ) mod p 3 . Consider Y 3 being a finite 0-sequence such that len Y 3 = k and for every natural number i such that
Let us consider a Z-valued polynomial p of 2 + n + k,R F . Now we state the propositions:
(18) {X, where X is an n-element finite 0-sequence of N : there exists an element x of N such that for every element z of N such that z x there exists a k-element finite 0-sequence y of N such that eval(p, @ (( z, x X) y)) = 0} is a Diophantine subset of the n-xtuples of N.
Proof: Set X 0 = {X, where X is an n-element finite 0-sequence of N : there exists an element x of N such that for every element z of N such that z x there exists a k-element finite 0-sequence y of N such that 
. {q, where q is an (n 1 + 4)-element finite 0-sequence of N : P 4 [q]} is a Diophantine subset of the n 1 + 4-xtuples of N. 
(19) {X, where X is an n-element finite 0-sequence of N : there exists an element x of N such that for every element z of N such that z x there exists a k-element finite 0-sequence y of N such that for every natural number i such that i ∈ k holds y(i) x and eval(p, @ (( z, x X) y)) = 0} is a Diophantine subset of the n-xtuples of N.
Proof: Set X 0 = {X, where X is an n-element finite 0-sequence of N : there exists an element x of N such that for every element z of N such that z x there exists a k-element finite 0-sequence y of N such that for every natural number i such that i ∈ k holds y(i) x and eval(p, 
. {q, where q is an (n 1 + 4)-element finite 0-sequence of N : P 4 [q]} is a Diophantine subset of the n 1 + 4-xtuples of N. Let n be a natural number and A be a subset of the n-xtuples of N. We say that A is recursively enumerable if and only if (Def. 4) there exists a natural number m and there exists a Z-valued polynomial P of 2 + n + m,R F such that for every n-element finite 0-sequence X of N, X ∈ A iff there exists an element x of N such that for every element z of N such that z x there exists an m-element finite 0-sequence Y of N such that for every object i such that i ∈ dom Y holds Y (i)
x and eval(P, @ (( z, x X) Y )) = 0. Now we state the proposition: (20) Let us consider a natural number n, and a subset A of the n-xtuples of N. If A is Diophantine, then A is recursively enumerable. Proof: Consider m being a natural number, P being a Z-valued polynomial of n + m,R F such that for every object s, s ∈ A iff there exists an n-element finite 0-sequence x of N and there exists an m-element finite 0-sequence y of N such that s = x and eval(P, @ (x y)) = 0. Set n 4 = n+m. Reconsider P 0 = P as a Z-valued polynomial of 0 + n 4 ,R F . Consider q being a polynomial of 0 + 2 + n 4 ,R F such that rng q ⊆ rng P 0 ∪ {0 R F } and for every function x 1 from 0 + n 4 into R F and for every function X 1 from 0 + 2 + n 4 into R F such that x 1 0 = X 1 0 and ( @ x 1 ) 0 = ( @ X 1 ) 0+2 holds eval(P 0 , x 1 ) = eval(q, X 1 ).
Reconsider Q = q as a Z-valued polynomial of 2 + n + m,R F . If X ∈ A, then there exists an element x of N such that for every element z of N such that z x there exists an m-element finite 0-sequence Y of N such that for every object i such that i ∈ dom Y holds Y (i)
x and eval(Q, @ (( z, x X) Y )) = 0. Consider y being an m-element finite 0-sequence of N such that for every object i such that i ∈ dom y holds y(i) a and eval(Q, @ (( a, a X) y)) = 0.
MRDP Theorem
Now we state the proposition: Let us consider a natural number n, and a subset A of the n-xtuples of N. If A is recursively enumerable, then A is Diophantine. The theorem is a consequence of (19).
